Consider an elliptic curve, defined over the rational numbers, and embedded in projective space. The rational points on the curve are viewed as integer vectors with coprime coordinates. What can be said about a rational point if a bound is placed upon the number of prime factors dividing a fixed coordinate? If the bound is zero, then Siegel's Theorem guarantees that there are only finitely many such points. We consider, theoretically and computationally, two conjectures: one is a generalization of Siegel's Theorem and the other is a refinement which resonates with Hall's conjecture.
Introduction
Let C denote an elliptic curve defined over the rational field Q, embedded in projective space P N for some N . For background on elliptic curves consult [4, 24, 25] . The rational points of C can be viewed as vectors
with coprime integer coordinates. Fixing 0 ≤ n ≤ N , Siegel's Theorem guarantees that only finitely many rational points Q ∈ C(Q) have x n = 1.
Since the number 1 is divisible by no primes, consider how the set of rational points Q might be constrained if the number of distinct primes dividing x n is restricted to lie below a given fixed bound.
Conjecture 1.1. Let C denote an elliptic curve defined over the rational field Q, embedded in projective space. For any fixed choice of coordinate x n , as in (1), given a fixed bound L, the set S n (L) of points Q ∈ C(Q) for which x n is divisible by fewer than L primes is repelled by C(Q). In other words, on any affine piece of C containing a point D ∈ C(Q), there is a punctured neighbourhood N (D) of D (with respect to the archimedean topology), such that N (D) ∩ S n (L) = ∅.
Example 1.2. To show that Conjecture 1.1 implies Siegel's Theorem, consider the rational points with x n = 1. The hyperplane x n = 0 intersects C(Q) non-trivially. Let D denote any point in the intersection. Fixing L = 0, the conjecture implies in particular that each |x i /x n |, with i = n, is bounded above. Since x n = 1 this bounds each |x i | with i = n. Thus there can only be finitely many such points. [6, 12, 13] for elliptic divisibility sequences to hold. This conjecture was stated in the rank 1 situation for Weierstrass curves and it predicts that only finitely many multiples of a fixed non-torsion point have a prime power denominator in the x-coordinate. Using the same heuristic argument as in [6, 12] we expect that S n (1) is finite. More generally, it seems likely that in rank 1, S n (L) is finite for any fixed L and n.
On a plane curve, Siegel's Theorem can be interpreted to say that the point at infinity repels integral points. We can see no reason why infinity should play a special role and the computations in section 3 support this view. That is why Conjecture 1.1 is stated in such a general way. For practical purposes, measuring the distance to infinity is natural and many of our computations concern this distance. Conjecture 1.1 arose using the Weierstrass model so we now focus on that equation, making a conjecture about an explicit bound on the radius of the punctured neighbourhood, one which resonates with Hall's conjecture.
1.1. Weierstrass Equations. Let E denote an elliptic curve over Q given by a Weierstrass equation in minimal form
with a 1 , . . . , a 6 ∈ Z. Given a non-identity rational point Q ∈ E(Q), the shape of equation (2) forces Q to be in the form
where A Q , B Q , C Q ∈ Z and gcd(B Q , A Q C Q ) = 1. Define the length of Q, written L(Q), to be the number of distinct primes p such that
where |.| p denotes the usual p-adic absolute value. In other words, the length of Q is the number of distinct prime divisors of B Q . From the definition, the length zero rational points are precisely the integral points on E. Conjecture 1.1 implies that bounding L(Q) bounds |x(Q)| independently of Q. The case when L(Q) = 1 is much more interesting. The definition of a length 1 point Q means that the denominator of x(Q) is the square of a prime power. It has been argued [6, 12, 13] heuristically that when the rank of E(Q) is 1 then, again, only finitely many points Q exist. This is known as the Primality Conjecture for elliptic divisibility sequences. Much data has been gathered in support of the Primality Conjecture and it has been proved in many cases. In higher rank, a heuristic argument, together with computational evidence [11] , suggests that, in some cases, infinitely many rational points Q can have length 1. In section 3 many examples appear.
What follows is an explicit form of Conjecture 1.1. To motivate this, consider a Mordell curve
Hall's conjecture [2, 17] predicts an asymptotic bound of (2+ε) log |d| (which is essentially ( 
where C(L, D) depends only upon L and D, and ∆ E denotes the discriminant of E.
Notes
(i) The term standardized means that a 1 , a 3 ∈ {0, 1} and a 2 ∈ {−1, 0, 1}. Every elliptic curve has a unique standardized minimal form. This assumption is necessary in Conjecture 1.5. When D = O, the left hand side is not invariant under a translation of the x-coordinate, unlike the right hand side.
(ii) When D is algebraic but not rational, a similar conjecture can be made. Now though, the constant C(L, D) will also depend upon the degree of the field generated by D.
Although strong bounds are known for the number of S-integral points on an elliptic curve [15, 18, 26] , the best unconditional bound on the height of an S-integral point is quite weak [1, 3, 16] in comparison with what is expected to be true. Using the ABC conjecture an explicit bound upon the height of an S-integral point can be given [7, 27] . For integral points, the best bound for the logarithm of the x-coordinate of an integral point on a standardized minimal curve is expected to be a multiple of the log-discriminant (or the Faltings height).
What follows are some special cases of Conjecture 1.5.
Theorem 1.6. Let N > 0 denote an integer and consider the curve
• With Q 1 as before, assume Q 1 and Q 2 are independent and either Q 2 is twice another rational point or
The discriminant of E N is essentially a power of N so log N is commensurate with the log-discriminant, as required by Conjecture 1.5.
As we said before, only finitely many terms nQ 1 are expected to have length 1. Nonetheless, Theorem 1.6 gives non-trivial information about where they are located. Computations, as well as a standard heuristic argument, suggest there could be infinitely many length 1 points in the group G =< Q 1 , Q 2 > in the second part of Theorem 1.6. Although there are lots of curves with many length 1 points, no proof exists of the infinitude of length 1 points for even one curve. We see no way of gathering data about length 2 points, because checking seems to require the ability to factorize very large integers. All the data gathered in this paper used Cremona's tables [5] , together with the computing packages [20, 22] . Theorems 1.6 is proved over the next section. Section 3 gives data in support of Conjecture 1.5. The introduction concludes with a brief subsection about the situation when the base field is a function field.
The Function Field Q(t).
The situation when the base field is Q(t) lies at a somewhat obtuse angle to the rational case. On a Weierstrass model, Conjecture 1.1 predicts that, over the rational field, length 1 points will have bounded x-coordinate. In the language of local heights [19] , this is equivalent to the archimedean local height being bounded. Over the field Q(t), Manin [21] showed that all the local heights, including the one at infinity, are bounded unconditionally. On the other hand, work of Hindry and Silverman [18, Proposition 8.2] shows that the bound for integral points agrees with the one predicted by Conjecture 1.5.
Special Cases
Before the proof of Theorem 1.6, one lemma is needed. Proof. Note that L(2P ) ≤ 1 implies L(P ) ≤ 1. If
with gcd(B, AC) = 1 then
If L(P ) = 0 then log |x(P )| = log |A| << log N follows from the ABC Conjecture. A similar bound for log |x(2P )| follows from (6) with B = 1.
If L(P ) = 1 then 2C must cancel in (6) . That is
using the coprimality relations gcd(B, C) = gcd(B, A 2 + N B 4 ) = 1. The defining equation gives
Any prime power p r dividing C divides 2N from (7) and (8) . Hence |C| ≤ 2N . Then equation (8) implies |A| ≤ 4N 2 . Rearranging (8) bounds B in a similar way. The bound for x(P ) follows directly. The bound for x(2P ) follows using (6) .
Write E O (R) for the connected component of infinity on the real curve. If E(R) has two connected components, write E B (R) for the bounded component.
Proof of Theorem 1.6. Note firstly that
for any P ∈ E B N (Q). A proof of the first part of Theorem 1.6 follows: if n is odd then nQ 1 ∈ E B N (Q) so we are done, and if n is even and L(nQ 1 ) ≤ 1 then Lemma 2.1 applies.
For the second part, assume firstly that Q 2 is twice a rational point. Any Q ∈ G can be written Q = n 1 Q 1 + n 2 Q 2 with n 1 , n 2 ∈ Z. If n 2 = 0 the first part applies. If n 1 = 0 Lemma 2.1 applies. If n 1 is odd then Q ∈ E B N (Q) so (9) applies. If n 1 is even then Lemma 2.1 applies. Now assume that x(Q 2 ) is a square. This condition implies [4, Chapter 14] that E N maps to E N via a 2-isogeny σ, where Proof of Corollary 1.9. Translating by the point D = [0, 0], the conditions and the conclusion of Theorem 1.6 become the corresponding statements for the corollary. Note in particular that translation by D essentially inverts the x-coordinate, hence numerators become denominators. Also, the distance between a point and infinity changes places with the distance to D.
This section concludes with a generalization of (9), bounding the xcoordinate of a point in the bounded component of the real curve in short Weierstrass form. Let h(a/b) = log max{|a|, |b|} denote the usual projective height. Let j = j E denote the j-invariant of E, ∆ = ∆ E the discriminant of E and h(E) := 1 12 max(h(j)), h(∆)) the height of E. Proposition 2.2. Assume E is in short Weierstrass form. For every rational point Q ∈ E B (Q) the following inequality holds:
Proof. Denote by α 1 , α 2 , α 3 the three roots of x 3 + Ax + B. Using Cardan's Formula there are two complex numbers u i , v i such that α i = u i + v i and
In the same way, we prove that |v i | ≤ e 4h(E) 2×3 1/6 . In particular an upper bound for |α i | follows:
for every point Q in the bounded real connected component of E. [11, 23] (the first 10 curves and the last 3). In rank 2 the available data support the heuristic argument that, if P 1 , P 2 are a basis for the torsionfree part of E(Q), then the number of length 1 points n 1 P 1 + n 2 P 2 having |n 1 |, |n 2 | < T is asymptotically c 1 log T, where c 1 > 0 is a constant which depends only upon E. In the table, E is a minimal elliptic curve given by a vector [a 1 , . . . , a 6 ] in Tate's notation; P and Q denote independent points in E(Q); |∆ E | denotes the absolute value of the discriminant of E; [m, n] denote the indices yielding the maximum absolute value of an x-coordinate with a prime square denominator, where |m|, |n| ≤ 150; h denotes that absolute value; the final column compares h with h E = log |∆ E |. The table shows data collected for some elliptic divisibility sequences generated by rational points with small height [10, 14] . Although the curves themselves do not necessarily have rank 1, the data is interesting because some of the discriminants are very large, also the primes occurring are extreme in a sense. The notation remains as before, but this time, n denotes the index yielding the maximum absolute value of an x-coordinate with a prime square denominator, where n ≤ 3500. 
